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Le9 : The role of Temperature (part 1)
↳ Kesten-Stigum Bound

· Setup : Broadcasting Model on a Tree

- complete binary tree of depth h

↓ O
I

↳ things appropriately extend
W * to other degrees & irregularupth↓ ↳ root mode 3 trees

iiii
↳ edges directed away from I

- Random Process : samples r.
v

.

Xr=S#13 at each r= V

I mar [113⑧ /
I

· processing all other nodes ~ fol lowing a topological
orderinI of T , sample XW conditioning on An
as follows

Pr[Er=s/Xx=s] = 1-p
,
XSES1

aka PrCXr=-s/Xw=S] = P
↳ "mutation

probability"
assume peCo,] makes exposition slightly easier

(X is w. I. r.g . up to flippines heTayers



↳thas each edge : ⑫ is a binary symmetric
ji" "metM =

↳
to

o the m

channels

-very convenient decomposition of M

(ii) = x - zp)(0i) + 2p!C
Ma second largest eigenvales of m

under this

corresponding to eigenvector ( ) event we'll

say edge(the other eigenvalue is 1 "doesn't 1-I I reak
corresponding to (E) ↑

interpretation : with probability &=1-2p : Xr = xn

with prob . 1 - 2 = 2p : X-EE11
under this event independently

1
we'll say edge breaks" of Xm

jo
· Observation

: suppose that X= = 2113 is a sample
nee from broadcast process on tree

then &-- Po(X) < exp(nc****)
142 tree structured Isingwhere O = ! log I model w/ same

interaction strength
on all edges & no

external fields



↓

Nort

[P(X = x] = 2: (1-4)#Xu= Xr
. puXr

(u ,v)+ E

= - ) ** P
1 x

== exp((1 + xnx)log(-4)+ (1 -xuxr) lig

Taez exp ( xux-log *)

explaine xux) I
Things to mote : p == = 0 = 0 all modes independent

p = 0 = 0 = +x all modes infinitely
correlated

X- =2Erinen



~>(((2)) =
22

· Question : Suppose ((h) are nodes at depth h .

men

How much information about My does Xues contain ?

RpYObservations : with probability ,
children of

me

the roof & therefore all their descendants
are independent of root !

If this happens already at depth 1 ,
what

happens as h - x ?

I study formally:
suppose M( . ) = Pr[Xuces= · 1 *g = + 1]

& Mi(0) = Pr(Yuses=-1Xg = - 1]

Le Cam -> given /212) the best estimator
of the root state has error

I (2-TV(Ma , Ma))
Def : We'll say that the reconstruction problem
-

irable if

lim inf TV(Ma
, Me) < O

h- x

o . w . We call it unsolvable
-



①ration : Reconstruction problem is unsolvable
if 2 . x < 1

&

expected # oF
⑲ children who copy

⑦ Xu =1-2p"
12

By birth-death process analy is it 211 1411the state of the root will die" wpr & on

an infinite tree

.
W, that copy xe

- nudes that are independent of s

Qution : Is it solvable when 2x>1 (=>P<i) ?

Tem : The root reconstruction problem is

solvable if 2x42(e) p(4(2 -k)
↳

Prof: we witonly show sufficiency 0
. 5858

-

i - l . 2x 1 = solvable

· We'll show that the
-

majority leat values
maintains reconstruction error as n - y

· Consider :
~

+
:
distin of

1 E X ↓
Ma
Ze conditioning

h I

v
on g

=
+ 1Za =

2X VELh ↳s
~ distin of Zh
Ma " conditioning

on 9 =-1



①

mmma1 : E(ZalX,] = X
,

Rot: #[znIxg) = in EXE most leat at depth e

s -
- . (Xg - 4 + 0 . x1 - x4) =E

%
%9

... * If any of
these edges "break" Yey is independent

↳ of Xyi29 If none of the edges "breah" Xe=My

②
-mac: VarIza) it's (g ,

it is

+ it2 1

Proof
: postpone for a bit

-

micture :

-I121> 1

1 ↑t

I Uni
- I+'I

- I - 1



③
↳sing emmazto pefficiency w s
recall definitions of M ,Me , Ma ,

Fra

clam: Tr (Put
, Ma) < TV (MA , Mm)

prof : easy za= f(Xia)
&
average fin

take optimal coupling of Xit-M and Xia-Ma

implies a coupling of zt-ih and Eaton
under this coupling :LFEn]=4Xin]

Xb
. c .
this Tri

,Mn)TVIP , Mn]
isSing b. c. optimal
of Mi and coupling of

n Mi , ME

so to show solvability ,
suffices to lower bound

Tr(4nt ,
hi) = = E1(z) -Micz)/
-used-
I -Y(zS
-<1↳- (* T)(2)2Yn
which follows

from

↑(z)
==z

+2)



Cauchy-Schwarter
, iii) Mic
=
#)- (7))
Var(zn)

1
-

Var(En)

So : limi TrIM" ,Mi

3. lim inf TrIM ,Mi)
claim&

n + x

↳
, lim int Forzn)

= 2(1 - (2xY") >0
I

above/1 & leana 2 b.
c

.
2,1

calculations

④ -Lemma2 :

Var(En] = Var[2znIXe]] +E[Var(znIXe]]

lemma*
Yar (Xe] + = Var(znIxg=+]

+ I Var[EnIXg=-1]



using Var(Xg)
= 1

& symmetry
= 1 + Var EwIXg=+

To understand Var(Zn) &g=+1] consider

En = Zu + Zu
(2)
I ↳ contribution of leaves of To

to the sumt
↳

Since z ,
Zuare ind conditioning

on XI

Var(znIXg=+1] = VarCz"

" /Xg=+ 1] +VarCzn "/Xs +D

=2 Var[En" 14g= +1]
symmetry

2 . ((ECE") X,= +7 -(E,"1,= +D)
Now note : [En" (g=+1]=2 (by symmetry b.w .

z" & Zn'* they

have the same

expectation
cond .

on Xg=+1
& the sam of

these expectation
is +1)

Moreover :

Ef(z:")"X,
= +1 = (1 - 4) - (12)"12g. = + ]

+ p .E)(zn")"X,
u

= 1



= (1-4) (E-11xg= + 1] + Paxg=- 1)

E[z!X,
= +]

-24 - (Zn 1kg = +]

putting everything together :

Var(En] =

1 + 2 . (2 x-[En , /Xe= +] - =)
= 2 + 2 -[z: )xg =

+ 1] - I

-
+ 2(ar[En-1Rg = + 1) + (E-Xg=+13)

= I +z ./Vag+]+ 1)
"ar [Eure] are

= I+ Var(En-]

solving recursion gives result A



[y(h) = a + b - g(h- 1)
= a + b(a + bg(h -2)
= a + b.a + b2 .g(h-2)

=

a + ba + b2a + b3g(h - 3)
= a)1 + b + b2+

- --
+ by + big(h - k)

= a(c + b +

- -

+ b ) + bg(0)
k= h

b" - 1
= a- + 3 . g(0)b - 1

-VarIEn7- Go Gin
It 2 = 1

g(h) = a + g(h - 1) = 2-a + g(0)

Var(En) = h - = + 1 - +x ]



Pertem :

high temperature 24221 E) P5 Ell-

·log
is LAD : prevents roof reconstruction

low temperature 2x1=>4<11-)= O [log
is 200D : allows roof reconstruction
-

limsup Pr [incorrect reconstruction] =
h+Y

limsup I(1-TrMnt ,Mn) = = - 1- 2) I
h-x

Ens:

· d-ary tree , binary symmetric channel :
threshold at

b -1
=
1

· more general setting : of possible states per mode
d-ary tree

every edge :
channel M



· for q =2
: threshold at dx(m)

2

= 1

d - 12(m)21 sufficient

[Kesten-Stigum's]

necessary
[Bleher-Zniz-

Zagrebnor'95]
· larger 9 : d - x2(m)"s1 sufficient [Kesten-Stigum'6)

but not necessary !

[Mossel :01 [Sty'09] give examples for>,5
for which <21m)=0 yet

reconstruction is possible !

for q=3, 4 : KS-bound is light
if a do (m) (Mossel-Sly-Sohn'23]

· for any a
,
it reconstruction algo only uses

the cats of how
many

leaves are + or-1

then

Ks-bound is tight ! [Mossel-Peres'03]

· Conjecture (Koehler-Mossel 22] :
not just linear fa's but

also low-degree polynomials of the

Ly also fail below K-S bound !


