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Lemma : Spse . X.... Xn EIR partition into S
, Se

of equal Size s . t . M(Cil-m(()1, D,
Var(Sil

,
Yar(S1) = 1

.
W . p . c '/2

,
one iter. of

Lloyd's alg . finds clustering C , G s .
t.

min(1C1S . 1 + 1GBSul , 1C , DScl + 12. S , 13 O

With more work
,
could upgrade to high probability,

random samples from ED+ &Dr, larger k,
. . .

Proof : Condition on event that random initialization

chooses one pt · from each cluster
, y, , yetG.

Chebyshev : Pr (Ni -M(C)(20 . 15) < 0gel .in C,

Triangle inequality : all but OCY2 pts in

C are closer to y , than to ye , similarly for
C
, yc , with coust . probability. D
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Now d > I dimensions. How far apart do

Di
,
D
,

need to be for similar naive alg to

Work ? (Normalization : Cov(D, ) , Cou(D) < 1) .

Success relied on

Ellxi -MS21) < M)-M(G)/I
inC
-m

This is like & in o dimensions !

=> Naive Clustering algs require 1/M/D,-MIDI
>

Idea : use PLA to reduce dimension first !
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Interlude : Spiked Matrix Models &

Best Low-Rank Approximation
-use

Suppose you
observe a matrix MERMxn

10 a randomform M = XUvi+ 1)
z

rank 1 , or more generally rank r

Different distn's of W are studied - for now

let WijwN10 , 1)
,
normalize s . t . Dull = 11v11 = 1 .

Aside : it's a graphical model
inference prob . to

estimate U
, X or upT given M.

Naive estimator of UVT- * M .

I, M = uVi would need
& Y ↓> in to

EllavT-IMIlE=emn be nontrivial

Idea : use best rank - one approximation ofM.

Let X be best rank - one approx , ie
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X= argmin 1)Y-IMIE
- not convex but

solve via SVD
.

Y rank !

theorem : ElIX-aville = 0(M)

To prove thm .,
use that /IWIlop =On +m)

(provable up to logs via
Matrix Bernstein .)

Denote E = X-axT = error matrix,

Claim1 : llEIE = 2 (E
, + W)

P : 0 = llmFyMIl-1IX-YMIE
= 11 WIIE - llE- -WIE

= 11 *WIlE-lELLE + 2(E,W7-ll WE
=- llEllE + 2 (E

, + W) I

&aim 2 : Ell ? Elle
-

nuclear norm
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P : Rank (E) = 2. ⑮

Claim3 : /EllE = O(1wop)

# : by Claims 1 , 2 , and
Holder,

llEllE2E-7 · /1 W/Il · NEIF
.

Cancel IIEIIE from both sides and square. By

Theorem follows from claims 1-3 + ElW11
[0(n +m)

.

Same proof for rank r gives error Omin)

(End of Interlude
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Back to clustering/learning mixtures.

Concretely , consider [N/M, 1) + EN/Mc , 1) .
From before : if Im,Mill>, naive algs/
proofs don't work.

If we knew the direction M . -M ,
could

project samples in that direction, turn it

into a 1-dim . problem.

Direct calculation shows :

Cov (tN(M ,1) + & N(Mc ,F))
= I + (u ,-Mi)(u ,

-M)T

So should be possible to find M-M -

from samples (approximately).

Given samples X. ... Xn
,
estimate

M,+
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via best rank-1 approx . to

M = h [(Xi -u) (Xi -m)"- I

Can show via e . g. Matrix Bernstein that

M= /M , -Mc)(u , -MC"+ W) , where

Ellalo = If) if mad.

Same argument as before : get estimator X =xxT
st . EllX-M-MISM-MITIEGE)

1) xxi - (M ,
-Mc((m ,

-MIT /
= llxI12" - 2(X

,M ,
-mr) + 1 , -Mill

So
, /IX//Im .-Mulli <,M , - M+ )

JAM-GM)

=>-
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Exercise (tedious but easy) : this is a

good-enough approx. of direction M-M-

to reduce to 1-dim case . Hence
, 11M , -Mell/

Sufficient-

Extension : Mixtroe of K - reduce to
-

O (k) - dim Subspace span(PMi)) .

Pairwise distances >MIT) suffice.


