
GAlgerieStatistics

Le3 : Introduction to Graphical Models

So far : product measures are nice (independence)
-

gaussians are nice (tails)

general distins aren't nice (exponential
sample lower
bounds for

easy in
informity)

Today: exploit conditional independence structure

Let us revisit multi-dimensional Gaussians
1

p(Xz , ...,xn) -exp) - 2x [x) density of
N10,5)

2 : covariance matrix B=< : precision matrix
↳ term used

by gauss
G=(N

, z) where V= 51 , ...,n3

& jet if 4ij0
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Eg. Suppose z
,
E
n,
E
,
/10, 13

x = z1 ,
Y = z, + zz , W = Z, + zz + z3

z =(ii) - IfC
-> resulting graph

⑦-- xix
;
are

conditionally independent
given Xanzis
-

Aim :DFr its suppose its in G . Then : X: HAjt Xcusisisis
② For disjoint sets A , B, S suppose all Paths from A to B

- written ALBISin G go through ,

Then XAHXBIX
,
s

Roof : denote, = (n)15i,

p(x) & exp) - 24.ix : - 24ijX !
"

-XiPisY's

- x ; Piss - xPsss)

so for some functions f
, g : p() = f(xi , x,5) - g(xi ,xs)
=> XiHXiIX

,s
② similar i Comma 1
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Treependence Cheat SheetI
[Whatever I say holds for discrete w. v. s & their pmfins piIor continuous r. v.s wI densities pl

Ded : The conditional density of X given is any finp(xy)
such that

P(x ,y)
= P(y) - P(X)y)

Def 2 : Let x
,
3
,
I be rv.s

. We say that X & Yare
e

conditionally independent given z if

P(x1y , z)
= 4(x(z) -x , y , z s.+ p(y, z)>0

In this case we write X1/2

Lemma 1 : Let X
,
Y
,
Z be random variables

.
Then

nee

the following are equivalent :

⑧ P(x , y , z) = f(x , z) - g(y , z) for some fins +
,9

& all values x
,y,z

⑥ p(x1y , z = P(X1z) x , y , zs.+ - 414 ,7/0

(i-e . XHYIz)

⑳F :(-B)4(y ,z = (4(xyz)dx = (f(x ,zy(y,z)dx
X

= g(y ,z . I(z)
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Suppose y, z s. + - p(y, 140 => F(z >0 = g(y,z =
s

⑦ 4(x , y , 7) = 4(4 , t)-*
we -

I by definition

P(x)yz)

=> P(X1yz1 does not depend on y

P(x1yz = p(x1z) = 0

whe q(xyz)
=

P(yz) - p(X(yz)

SpKyzdy= Sp1YG p(x1yz de
e-

11 11

P(xz) P(x)Y0E .PLE
-

"byP(xz
det

.

(8 = a)4(xyz = p(yz)4(x1yz)p(yz)p(x)z)
#

Remark : Seems like we have been furli around wI
symbols . But cond . Independence trivial !
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e .y .
for rvis X, Y, z

+ +Y x HY1z 3 think of
+H y1z x Hy examples !

Lemma2 : The following are true for revie X Yz W
-

1
.
x1Y

,w(z = xHY/z
Il

decomposition"
2

. X H Y
,
WIZ => xHW1Y

,
z "weak nnire"

3 . x 1W1Y, Z

X H Y/z 3 => x HY
,
W/z "contraction"

4
.

If PIX, y, W,z 0
,
Fx

,
y, w, z ,

them "Intersection

x H w1Y, z & XHY1w, z =) xHwy/z

Sam
Port: 1 . p(x , y, w1z1 = P(x1z/p(Y,w(z) = p(x,y(z) = P(x)2p(412)

2
. p(x , y ,w1z) = p(x(z) -P(y,w(z) = P(x(z) - p(y(z)-p(W1Y,z)
-

11/ (used)

P(x,y(z)
thus p(W1Y, z) = P(WY, x,z)by definition 1)

So P(x ,w(y , z1 = p(x1y ,z) . P(WIX , 4, z)
en
1

P(W1Y, z/
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3 . P(XYw1 ! = p(y1z/p(xwIY,z)z

P(x ,w(z) = P(x)y,z)p/w(y, z)I
e11
P(x1z)

4
.

Use Cemma 1

p(x, y , w,z
= f(x

, y , z) -g(w , y ,z) ,
for come fig

= I(x , w , z) g(y , w , z) ,
for some I

, 5

by positivity -

f(x , y ,z =
F(x

,
w
,z1y, w,z
-

9(w , y, z)

I(x
, wr

.
E (x,z- I- for any

9 (Wo
,
Y ,z fixed wo

since LHS

dosn't

thus f(x
, y ,4 = F(x

,z(y , z) dependin z

=> p(x , y , w, z)= f(x, z/y(y, zg(w, y , z)

- x HYw1I
*-lemma L
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Indirected GraphicalModels

Recall : In multivariate gaussions structure of
-

precision matrix implied cond. independence
properties of the distin

generalize ?
Def 3: given undirected graph G = (V , E) , a

probability dist'n p(Xr) satisfies the
pairwise markor property of G ifmeenee

(iii) + t => XiHXilXvisi

C . g . Q x
,Hx4(x235

-

-
8

I 3 IO
- xnHXs/X134

XaX/X135
x , x5 /X234

De4: given G
,
distin p satisfies the

global Markow property of Gift

for all disjoint sets A, B, =V :
if ALBI,S' (i . e . A B disconnectea

O
S! then Xa HXBIXs
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e .g . in above graph X1zHX5/X3

Des : given G ,
we say p factorizes

according to a if

P(x) = #x catistique
C potential

(-2(a)
e

↓cliques of G

Tem :

If p(xw) factorizes according to G, them
p satisfies lobal Markow property wort G .I

Id thus also local Markor property)

Proof : take disjoint A , B,S ? V such that ALBIS
-

A & B are
disconnected in Gris

E : vertices connected to A
via paths in Gris

B = V 1(SVE)
call set of
these cliqnes

>Clearly A? E
,
B B 2

also every dique Cis either (E
or <B < =
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thus P(x) =
e
Yaks= encies-Pete

= f(xa ,xs) - f(x 5, xs)
Lemma 1

> XXs
Lemma 2

-) * A HX/Xs
⑰

pobeys

p factorizes art G => global Markow property
wrt G

-
-...

↓
PoblYShow about local Marhor property

this ? Can urf G
we close the circle ?

I rem (Hammersley - Clifford'71]
If P(X)C0 ,Fer , and Probes local Markow property
wrt

. graph G= <V, E P factorizes wrt G !

https://goodnotes.com/


Remark : Conditions in H-C theorem are necessary !
-

↳Consider graph a : ①↑ 3 -⑰
②-
0

suppose by , My are ind
. Bernoulli (1)

and x
,
x 2

= Xu upw 1

then X
, #x/ X2 , s

X2H XIXe , X3

But Xn1X , talks Last Feta
as otherwise
this would also
be implied

Nomenclature : A prob. distin that factorizes wrth
-

is called
a Markov Random Field
a Markow Network
an undirected graphical model

When passo it's also called a

Gibbs Random Field
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Eg.ApparentUndirected GraphyModels
-

· used a ton in Statistical Physics
Probability
Machine Learning
Statis tics
Social Science
Biology
i

· commonly
,
they are described in term of

- an undirected graph :
2 = (V, E)

- an energy function : S(X)
- a temperature parameter : I

with respect to which : p(x) = & expl- E . E(x-))
&
called "partition

function"
<hard to appx in

Example : Ising Model general ]

X-EE1132
direct external
·ternation field

* etween is ↓on i

p(x) = expl, 0ij xix;
+ [0ixi)

ifs
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ex2 : ERGMs (exponential family random
-

graph models

- distin over graph (a .

k
. a. adjacency matrics

- V = (n] x(n]

x- [0 , 13243
x <n]

↳xij = S0 , 13 depending on whether
widei &; are connected

0 im graphpa <explmeHmt)
of small
graphs e .g .

M = 30-0 , ,Y

13

ClosingFun : recall testing if a distin or
over SI13" is uniform i . e .

(P) : q
= U(3113") vs dir(9, 4) >3

requiresof samples
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What if I know that a is nice
, eg .

suppose I know o is an Ising malh

q(x) = Eexp), 0ijxix; +30ixi)
with unknown Rij's ?

~>
whose 101 2011)

Claim can solve-If q is Ising model
I problem P

WI poly(n , I samples .
[Dashalakis -
Dikhala-
Kamath' is]

Idea : take two Ising models O , O-

SkL(90 , 90) : kL(901140-) + 42 (901190)

= E40 log + E90-lrg
(x)

k)= 90 log pl-1 Eqp-lagteorexpl--

https://goodnotes.com/


and
90 (

,
:; -Dij) xix; + (0: -0,/xi)

+ &90 rxx)(, 10;; -0ij)Xix; +,0, -0i)x,)legE 4 log to
e

- (ii-0is) fix; - Forxixi)
+ S(0 : -8) (EaXi-doi !

now take O = them 90 = uniform distin

Skz(Po ,
uniform) = Pij Coxix; + 0iEx:

if Po-unitom SkL(Po , uniform)
=0

If TV1Po , 43 >3 -> SKL/PO , U) >422

> I is sit
. EoXiX;I

n

or Ei sit . pxix,
completing proof is left as exercise

is
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