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↳6 : MRF Structure Learning (from finite
samples

So far : Introduced MRFs
,
GRFs Tsing Models- -

-

-capture cond . independence structure
expressible via undirected graph

showed that MRF is exploitable assumption
to test hypotheses about high-dim distins
from polynomial in the dimension samples

e .g. for uniformity testing (lectures 3
,4)

In terms of learning :

-can identify
,

structure of tree-structured MRF
-

using finitely-many samples (Chow-Ling

-can learn tree-structured Isin modelI

- computationally
open question : continuous in

total variation distance
[---

tree- efficiently using a tight O (H-samples
structured

MRFs] ↳ upper bound:
Chow-

Lin

lower bound
:
Fanc

How about learning general MRFs ?
↳structure learning : today
TV learning : Thursday
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SelearningAREte sample

Focus
: Tsing models

-
e

ideas :
Gibbs Random Fields]

P(x)< exp)
,
Pixix ; + (0ixi)

Iible God : Identify support of (0ij) is matrix
i

. e . all pairs (i , i) S
.
t . 0ij FO

why infeasible ? B
.
C

. for any finite N number of

sumples exists small enough Oc0

can't distinguish wpw of error 0. 49

between U

O and ⑧ ⑧0-8

*1 x2 *
1 X2

Micgal : identify (i , i) pairs st . Dij "large
11

mongh

dependsA creat Hugh :

can still get confused n Asumples
it Dij are too large

for any finite o number of samples exists large
enough 030 S . t . can't distinguish wpr of error 0. 41

between
" x x kn

& and
⑧

dO O
x3
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thus samples should depend on the "edge strengths"

Tem [Keivans-Meka"l7, RigolletHatter' 17
,

Wa-Sanghari-Dimahis'1)
improving on Brester 15

, Ultray-Misra-Lokbor-Cherthor 16

Exist polynomial-time algorithm which ,

given N- ) log(n/)
samples

- 24

ignores from an Ising model P(x2 exp(j0isxix; + ,0ixi)
constant

factors where ↓ =110) =max E1,0:l+(Oil , outputs
i

(ii) is Set with prob . 31-5 satisfy :

Visi : i; -Di ;l

Clary : If all DisFO satisfy (0ijk ns0 we

can identify support of (0i;) ;; matrix using

NI I, explic .x) log (w/r) samples .

with success prob .

3
, 1-5 .

(Wainwright - Santhanam] : lower bound on N, se
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↳algorithm :

look at the neighborhood of
d

do- L
-o
I
..O

pr(X : = /X-i) = xis+OS -

exp(,0ijX; s +Dis) + exp)- ,
0ijxis-Dis)

1

-

e)-2 . s . (i+0i)

=s. 0:., X-i) + 0 :]
sigmoid function- & rector (8ij);=i1

8(z) = Fez
= 0 (2 . s . ( 0

:., x - i) + Oil)

-... Idea :
think of Xias 313-rutcome.

& X -: as feature rector : E
0

in a linear logistic model

Pr[YIE] = 0( s . (20:,Es + 20 : )
want time
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· Plan: estimate neighborhood-by-neighborhood
do logistic regression to estimate Oi . and P:

· From now on focus on node :

-given samples x"x x
"
from 40I I ---

create dataset for logis tic regression

y( = xI ; = ,
1

,
= 1

, . . . ,
NW -

empirical
- do "mut tr estimate logistic model

in E log() + e
-:(w ,
= + ()suppose-> T1

(w ,
i) ,
-

is argmin (w1 ,
+C,

[(w, ) : empir ical negative
log likelihood

-consider also population negative log likelihood
---

↳means wo infinite many samples

L(w,) = E [log(1 + e
- - w

,z+ ]
(, z)~ PO

: xi)
known fact :

(a,cr) = (0:
,
0:) is an optimal solution

to min((w
,
c

W, C

(w1, + 1
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gal :

compare ( , i) with (w*, (
*)

want to show they are close w. pw 31-5-
-

over the randomness in x"... ~PO
if N is large enough

Step 1 : If NSRC A logt/f then :
- -

(will show
& Ater L(w

, i) - ((w,) - 8 , wpr>,
1- d

p2 : for any w
,

C :

↑

*A(will show) ((w ,1 - 2(w
,<,

2- [f(xw,
z)+ x) - w(w, z) + (D)Raten

z=X-; ~PO

step 3 :
-

(willshowl
↓w

,
c

,
w

,
c !

later
[(w(w ,z)

+ c) - v((w, z) +x))]x y=Xi-Po
r=> Ilw-will ellwilettal+ I wil

,
Her! 10.
E

Putting everything together : choose & <0 (ses")
use step 1 => N-r( delog(s)

as promised

Step 2 setting (w,C = (w
, i)

0
=> 1)(w-willy- E
-step 3 setting (w ,c = (2, ) I wel

(a, c) = (w,
()
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Nep1 ~understanding ML
Lemma 1 see e.g . Shaler- Shwartz & Ben-David books
-

-> - 13

Suppose (2 , 4) -D s.
t

. Ward under D : 121y=1
Es ERRY-

Take ((w, = (
,-

[log(1 + 2
- Y- (w,z+1)

[(w
, x =A

,

(log(1+ e- ((w,
zi +d)

where (z"
, Y") , - ..,

(Em, y(n)) Hidi

Then wpr<, 1 - 5
,
for all wis st . (w1 ,

+c) :

L(w, x) -

[(w
, c) + 2 .x+X

Prof: via Rademacher complexity analysis. A

it Na(d" leg (no /uf
Lemmal=> ((w ,2) - ((w,( < 010) , upr315

why ? B
.
c

.
((w

, 3) =
[15

, 3) + 0(W) (Bylemmal
& chrice

of N

<[(w
,
<) + OSU) CoptimaliteY

of (W,
for I

<L(w =, () + OSU)

& by Chernoff : [1,-LIwo
ore logssrina
dose sr21-W I
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ep2
Lemma 2 : In same setting as Lemma 1

, suppose-

Pr2y =1/z] = r)(w, z) + (4) for some (w*,

Then

(1 ,1 - -(w* 3
,2.(((w,

z+ x) - ww, zs +x)S

Proof :
fl
laim 1 (next page)

-

L(w, -((w, () = E [- log(w((w, zs
+c) = Elg( - (((w,

z) +d)
( ,Y) -D

+ log(w((w,z)
+()) # log( - r((w,

+-()

↑[11z]=02+) = EE) loge lig t
X

-

okwiest logest + Gorkatapologeti=E[
= (RL)Bernoulli (w(cwi, z) +c) (Bernoulli(r(w,z + c))]
< E[2 . (o(w, zs + (2) - r((w, zs + c)

)

z

& [K2 (Bernoulli(p) /I Bernoulli(a)) <, (p-a)" by Pinsker
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am : ((w,= -log(0((w,z+x)

- ="log(1 -w((w, z) +c)
Roof: ((w,

= x-

(log(0(y - (w,z+x)))]
= [ [ - log(o((w ,

z) + c)
(2,y) ~D

- E"log(-)
1 - 0(<w, z) +2)

A
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3
Lemma3 : Suppose ~ PoE

/Sing
& (10)=max( 10: 1 +0:)

nee

min Mr[Fi=s/X
-:=S-i] ! e-240)Then min mine Si

Roof:

Pr[is Kirsteeso
3 p12xos e-2x

Def : A distin D over boolean vectors X is J-unbiased
Iff for all i

,
Se[11]

,
XS-: Pr[Fi=S/Xi=Si],] .

Ising model is (e-2x10))-unbiased -
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ama : Suppose distin D over /113-rectors is 3-unbiased
.4

Then Ww
,
w

,
c

,
c :

S*
-D (((w,z + c) - (wiz) + x))7= 0

-

11wIle ++ 11w1l
,
+C! r=> Iwe wille E
I

Roof: Pick arbitrary coordinate
, say coordinate & :

-za((za)(r) (w,zs
+ x) - riwiz +x)-1z-]]

< A [Pr[En=e/E-a] . (olwatE +) -clo

EaZh A zat()
B (z

.n)

+ Pr(Ea=-11za] . (o) -wa + Alzal) - ~1-w+B(zellL

A( D

↳2n
· wa-win + Alz-a) - B(z

-
n)) +3 · 2 I

daim 2 T

next Z-k
+Ge

-
. (W-wn+ Alza)-B12S12]page

AI J : e-
2

: ⑧Iwa-wal -> Iwan-Weil = e f B
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-

-5133) 3I e-
+
-
-

. 1y -xClaim
-

- (wixs -wins1=/fex - feel

LI
Proof :

es- Ites
,

1!
y -x
I

nee
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