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Theorem 9 (Learnability of MRFs in Total Variation and Prokhorov Distance). Suppose we are given sample
access to an MRF p, as in Definition 7, defined on an unknown graph with hyper-edges of size at most d.

poly([V|*,/Z[* log({))

o Finite alphabet X.: Given ~—————5———== samples from p we can learn some MRF g whose hyper-edges
also have size at most d such that || p—4qllpy < e If the graph on which p is defined is known, then
poly ([V||E|,|=| log(}))

2

many samples suffice. Moreover, the polynomial dependence of the sample complexity
on |Z| cannot be improved, and the dependence on € is tight up to poly(log 1) factors.

o Alphabet ¥ = [0, H]: If the log potentials ¢, (-) = log (Yo (-)) and ¢e(-) = log (¢.(-)) for every node v and
d

every edge e are C-Lipschitz w.r.t. the {1-norm, then given poly <\V|d2, (%) ,Cd> samples from p we can

learn some MRF g whose hyper-edges also have size at most d such that ||p — q||p < e. If the graph on which

p is defined is known, then poly <|V| |E|4, (H ) Cd> -many samples suffice. l
Vet haney Dishance

Definition 7. A Markov Random Field (MRF) is a distribution defined by a hypergraph G = (V, E). Associated
with every vertex v € V is a random variable X, taking values in some alphabet ¥, as well as a potential function
Py : X — [0,1]. Associated with every hyperedge e C V is a potential function . : £¢ — [0,1]. In terms of these
potentials, we define a probability distribution p associating to each vector x € £V probability p(x) satisfying:

p(x) = H Yo(xo) [ ] pe(xe), @

ecE

where for a set of nodes e and a vector x we denote by x. the restriction of x to the nodes in e, and Z is a normalization
constant making sure that p, as defined above, is a distribution. In the degenerate case where the products on the
RHS of (1) always evaluate to 0, we assume that p is the uniform distribution over V. In that case, we get the same
distribution by assuming that all potential functions are identically 1. Hence, we can in fact assume that the products
on the RHS of (1) cannot always evaluate to 0.
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