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Le7 : MRF HitutionLearning (from finite
samples

· Nitration: estimating parameters/structure requires upper/lower
bounds on the edge strengths , o .

w .

it cannot be done from a finite sample

philosophical Question : if it takes a gazillion
number of samples to
distinguish whether or not

an edge is present ,
in

what applications does it
really matter to find it ?

ot ternative Gol : given finite #samples learn the--

target distribution in some distance
- -

-
↳TV

,
KL

,
. --

ig : return a distributioncould mean proper learns
- -

from the same family
that is close to target

e.g . proper learning an

Ising model must
return an I model-sing

or Improperlearning: return any distribution
that is close to target



·Fto Distribution Learning ?
In settings where we can estimate parameters

,

we commonly can also do distin learning
e. g. suppose in Ising Model

PoC) < exp(, Di; Xix; +Pixi)
we have estimated all Oij's & Ois to high
enough accuracy :

-

virj : /ij-Dij1 22 ④ we can do this when-
-

2

estimatel
I x(0) = max) ,

10iil +10iD<D

interactine 10-Oil S using R) poly(n)-

n
1j L samples using mainestimated 3 theorem of lecture 6

external

fields
can also be done from a fire-

ne

E recall : 3 mentioned number of samples

ame(p119)+ RL(q1Ip) using techniques of lecture 6
Ismall extension of- lemma 4

Now : aim 1 : SKL(48 , 40) -43-

=> TVIP8 , PO) = <

u

I -↳http



Perclaims :
from lecture 3/4

skrL4a , Pa) = E
,
dis-ii) (oxix;] -((XiX]

+ [ (0 :- :) . (to(xi]-(a(xi])
b

.

c.

E 1pXiX; - Egixi)↳a 2 + n- 2 =4923loxi - Exil
· Can we do distribution learning without pazig

for low temperature ?
-

& more generally,hestimating -
Parameters ?

enter....ment-BasedApproach

Le
very general , quick &
dirty method to understand
sample complexity of
distribution learning↳ also provides algorithm to select among

a set o hypotheses distributionsSne that is close to some target



· Irunment-Based Approach : 3 steps at a high level
↳ I For the distance of interest o the

accuracy of interest 2 and
the fami of distins of interest /
find a small s-cover Hea,)

= I
--

erpe)-t= qt /- (
, d

,
as .
t

. d(p,a) 2

② Define a pairwise comparison procedure

comp (P; He ,
H2/ : output "He as

- winner

want this to 23 H2 as

only use sample access to P winner
which is unknown

distin
3 a tie

③ Set-up a tournament among all
distributions in He

,
a) which runs

a sequence of pairwise comparisons of
distributions in Ha

, ) to
select a winner

WANT : Winner of trurnament is close
to unknown P

· Today : tournament for TV distance
en

[Derroye - Lugosi'96] : Schefte Estimate
[Patronos' 85]

, [Daskalakis et al "12]
,
2Daskulakis-Kamath'n) i

[Acharya et al ."4]
can do other distances too (e . g .

Feldman - O'Donnell-Serrejj



· Main Primitive : Comp(P : H,Ha pairwise comparison
procedure

(A) ques
: sample access to P

,
He

,
H2=St

PDF comparator : given x
, compares Hi() & H2xx)

will assume PDFs exist

↳m that I want : Comp draws m = m(d
,
5) samples

from P
, He , H2 and has

For(iis)= (1 , 2) -R (2
, 1) :
the following properties :

1
.
If d(P

,
Hi) = = & d(P

,Hi) < 89 :

Hi is declared winner ,
w

. pr. >
,
1-8

(B)S 2
. If d(P, Hi) - 3 & d(P

,
H i ) >43 :

Hi wins or it's a tie
, wpr .

>
, 1- 8

3
.

If d(H , H2) < 52 :

it's a tie
,
war. 1 - d

Lemma : For &= TV distance & assuming (A) there
--

exists a poly-time algorithm satisfying
behavior (B) where :

m = 0(+)



· Suppose we have the following

A)
we have a comparator which assumes (A) and satisfies (B)S - we have a cover [Atcd

,
3 of our set of disting 52

-we have sample access to some unknown Pc/t .

How do we set up a tournament to select som He)-h
that is close in d to P ?

Lemma 2 : Assume (A) . There exists an
-

algorithm that :

- draws m)E , Ei C samples from P

Dashalabis-Kamateur ~ cardinality of

E this

-

St(n
,3)minental-make(k)comparis (p, H) 82 uprs e



Lemma 1 + Lemma2 => o- ⑧-G
Corollary : For d= Tr distance

, suppose we have :

- a set of distins F & 3-cover Ste of cardinality N;
-sumple access to unknown PcC;

- pdf comparator for all He , HzESta ;
-sample access to all He sta ;

Then there is an algorithm thatI
-

-runs in time O (N? log( 2)

II-draws 0 (latus) samples from P (iii)
si -"Toge no

-

E

-Leeputs H S .
t . d(P,

H) = 89
, wpr>, -

A
⑧



Applianof Corollary -learn Esing in TV

For x>0 define :

HA) = 3 all Ising models s .
t . max(,Pist 310iD) =x3

Theorem : given & (n samples from Ising

model PotH(X) , can
find Ising model Por E)+H)

such that TVIP0 , Por) = 3 , wprIL-8

Prof: Recall : SKL(PO
,Po -

,
10ij-05: 1 + 10 : -Oil

L

=> seco ,Pol Es it iTV (Po
, Por) = 3

=> guidding over Dis's & Dis exists - cover of H in
2

iV that has 32An

size N<( )" ( /instant
models in

St(X) satisfy
tournament
corollary (N/w)

that (ii) s
-> lig samples suffice 10ils

-

to learn within a inTr

mark: Can strengthen Theorem to remove

dependence on > entirely ! Ssee Theorem g of

Brustle-Cai-Daskalakis'z]



&Theorem 9 from Brustle-Cai-Daskalakis' 20 :

&
Prokhoro Distance

I



-> this is general no matter what d is and

compl.....)

Perlemma2 : is as long
as it satisfies
desiderata

· For all pairs Hi
,HieLa run stated

above

comp (P ,
Hi

, Hi)

using mic , Enl samples
Output any He that never lost (won or tied in

every comparison
it participated
im

If no such He exists output "failure"
· Claim 2

.

1
: Suppose H*ES-Ls satisfies & (P

, H*) =E .
(Y"

- Stais

With prob., 1 - E
,
H* will never lose

a covery

thus the algorithm will not
output "failure"

.

Prof: Take any H'ESts .

- If d)P
, H) > 43, by property B .

2 of the

comparator * either won or tied against HI
d(P, HY) = 2 wpr>, 1-5IN

-
If d(P,H)-343 => d(H,H)-5a

soby propertyB .3ofthe Comparatis

dring a union bound over all He Sta proves
the claim i



Claim. 2 :
If HE As never lost

,
then &(P

,H) = 82 ,

~pr., 1-42
Rot Suppose &(P,HK82 ,

and take H*
s.
t . d/P

, H4)=E

By property B . 1 of the comparator H loses to H*

~-pr.1-2
By union bound ,

all He/ts S .
t

. d(P,HK82 ,

lose to H
* with prob. , 1-42 -

A

Claim 2
. 1+ Claim 2.

2 => wpr . >, 15 , algorithm does not
fail& its output
dist'n is 8a-close

to



-> this is special for TV

Preolemma1 : Set up a competition between He
,
Ha .

· Define Set W
,

= W (HellH21 = & x s .
t

. He(x) H2(x)3
↳

to determine for some whether
x= W will use PDF comparator

· Define 41 = HelW) , 42
= He (Wes

clearly p , <P2 and TV(Me
,H2) = P,-P2

~ Here is how Comp(P , H ,
He/ works

la
. draw m=0(C) samples from P & call E

the fraction of them that fall in WI

16. draw m samples from He
,
call I, the fraction

in W1
1

. -11-11-15 H2
,

-1- Pz-H-
2

.
If y

, -T = 65
,
declare a tie

3
.

If < P ,
-23

,
declare He winner

1 .
If <Pc + 23

,
declare H2 Winner

3 .
declare a tie

.



Claim :
For (i

, i) = (1
,
2) -R (2

, 1), suppose Tr(P,
Hi)<3

.

-

Then :

1
. If TV (P

, Hi) > 83 ,
then

Hi is declared winner wpr1-be-maY2
(B

.
1)

2 . If TV (P
, Hi) > 49 ,

then

Hi wins or it's a tie wprs, -Je -m3Y
(B

.
2)

3
. If TrHe ,Hz)< Ss ,

then

it's a tie wpr>, 1-6e-msY2

Prot:· By Chernoff
, wpr, 1-Ge-ms the following

are true :

141-4, 142 , IP2-PckY2, /I - E)<42(
*

↳=P(ww)
· Assuming (x) we have : triangle
1 : TVP

,Hills ,
TrP

, Hi) >82 =) Tr(Hi
,
HiD> 72

e

=> Y , - Y 34 - 42 -362
! - P2

=> algorithm will go beyond step2

Now TVP ,Hi)-3 => 12-Pilt Entena=) steps 3
,

4 will choose
-......

no matter if ii or i = 2

Hi declared

ed : suppose =1 ; then b. c
.

(E-4
,
123-) winner at step3

algorithm
It i= 2 ↑1then

"

<P2+63> [+ 4a- questostep4
at step 4

,
b

. c
.

= <Y+ 23 -> H2 declared
winner



cam2
:

TV /P
, Hi) - 3

,
Tr (P, Hi) >42

See2 . 1 : It -R = 65
,

then algorithm stops
at step 2 declaring a tie

-
-

see 2. 2 : It
,
-Pc>62

, algorithm goes to Step3

- If i=1
,
then Tr(P,H1) = 3 = 12-4, 12d =>

S => E - Pel=22 -> algorithm declares
He as winner

- it i= 2
,
then TrP,4.) - 3 => 15-P2/<2a

thus p, 24 ,
+ 69> + 49

I so algorithm does not stop at step3
& at step 4

,
declares He as winner

so in this case Hi is declared the winner
-

regardless of whether = d or 2

so in ase 2
, either Hi wins or it's a tie

ca3
: Tr(He , H2) = 53 => P,

- 42 =
6 = Step 2

declares
a til

#


